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STUDY OF STRUCTURE OF FLOWS  
OF A TECHNOLOGICAL APPARATUS 
USING THE THEORY OF RANDOM 
FUNCTIONS

The object of research is the structure of flows in the absorber of hydrogen chloride. One of the most problematic 
areas in the study of flow hydrodynamics in chemical-technological devices are both technological and techni-
cal difficulties, when the device is exposed to random disturbances and/or the supply of a standard indicator is 
impossible due to a violation of the technological regulations.

A method for studying the hydrodynamic structure of flows in a shelf absorber of hydrogen chloride of  
the «Korobon-KA» type (Germany) in the normal operation of a chemical apparatus using the theory of random 
functions is proposed. An industrial experiment was carried out on the operating equipment to determine the input 
and output concentrations of the components of the gas flow. The absorber of hydrogen chloride is considered as 
a one-dimensional object, at the input of which a random function acts – the concentration of hydrogen chloride 
in the input stream, and at the output there is a random variable – the concentration of hydrogen chloride in 
the output stream. The method for determining hydrogen chloride and chlorine in a gas stream is based on the 
absorption of chlorine by a solution of potassium iodide, followed by titration of the released iodine with sodium 
thiosulfate. In parallel, portions of acid were sampled at the inlet and outlet, and then the density and temperature 
of the hydrochloric acid solutions were determined.

An algorithm for calculating the impulse function estimates is developed. The obtained experimental data are 
smoothed. As a result of processing the experimental data, autocorrelation and cross-correlation functions were 
obtained, the Wiener-Hopf equation was solved, and the impulse weight function was obtained. Having calculated 
the moments of the obtained impulse weight function, it was proved that the structure of flows in the «Korobon-KA»  
absorber can be satisfactorily described by the ideal displacement model. The calculations were carried out in 
software environments MathCAD, Matlab.

According to the results obtained, the proposed method for determining the hydrodynamic structure of flows will 
find application in the study of chemical-technological devices, when the object is exposed to random disturbances 
and the supply of a standard indicator is impossible due to violation of technological regulations. This makes it 
possible to find the parameters of flow hydrodynamics in the apparatus in the mode of its normal operation.
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Wiener-Hopf equation, distribution function.
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1. Introduction

The mathematical model of a chemicaltechnological 
object is largely determined by its hydrodynamic parameters. 
One of these parameters is the distribution of the residence 
time of the flow particles in the apparatus, which can be 
obtained experimentally using the indicator method – the 
supply of standard signals to the apparatus input [1, 2]. 
However, in the study of the hydrodynamic characteris
tics of operating industrial devices, technical difficulties 
often arise. These can be both technological difficulties, 
when the supply of a standard indicator is impossible due 
to the lack of appropriate design units, and fundamental 
difficulties, when the object is exposed to random dis
turbances. In some cases, they may have both those and 
other difficulties. Under these conditions, to study the 

hydrodynamics of flows in an industrial apparatus, it is 
proposed to use the theory of random functions.

The problem of determining the dynamic characteris
tics in the normal operation of industrial facilities by the 
method of estimating correlation functions is widely used 
in the theory of automatic control and regulation and 
was developed in [3, 4].

When identifying dynamic objects, the sources of in
formation are the input X(t) and output Y(t) signals of 
the object. An industrial facility is viewed as a system 
that converts an input signal into an output signal. In this 
case, the dynamic model of the object in general form can 
be described by the WienerHopf integral equation [5, 6].

Integral equations of the WienerHopf type [7] are widely 
used in chemical, petrochemical, food technologies. The use 
of methods of regression and correlation analysis for the 
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processes of the food and chemical industry, based on multi
variate data analysis, is given in the fundamental work [8].

Thus, in [5], a solution to the integral equation was 
obtained to find the distribution of the temperature flow 
in a tubular reactor for different boundary conditions. The 
use of the results of solving the WienerHopf equation 
for controlling a fixedbed reactor is presented in [9]. 
The preset temperature in the reactor is controlled by 
a controller programmed on the basis of models of multi
parameter transfer functions. The models are developed 
using multiparameter time series and process identifica
tion methods. The optimal control solution was obtained 
by solving the spectral factorization for the WienerHopf 
equations [9]. Statistical identification methods were used 
to analyze the operation of industrial wastewater treat
ment plants [10]. The developed dynamic mathematical 
model of the wastewater treatment plant is based on the 
characteristics of random input and output signals taken 
in real time. The setup transfer function was determined 
from the autocorrelation input function and the input
output crosscorrelation function using the WienerHopf 
integral equation.

However, the application of the theory of random func
tions to the study of the hydrodynamic structure of flows 
of chemicaltechnological objects is rare [11, 12], although 
this approach has serious advantages in the study of ope
rating devices.

Therefore, experimental studies of the structure of hydro
dynamic flows of technological devices in the mode of their 
normal operation are relevant. The object of research is the 
structure of flows in the absorber of hydrogen chloride, 
and the aim of research is to establish the structure of 
flows in the absorber using the theory of random functions.

2. Methods of research

The process of absorption of hydrogen chloride by water 
in a plate apparatus of the «KorobonKA» type (Ger
many) [13] (Fig. 1) was studied.

 
Fig. 1. Diagram of the Korobon-KA absorber

The absorber is considered as a onedimensional object, 
at the input of which a random function X(t) acts – the 
concentration of hydrogen chloride in the input stream, 
and at the output there is a random variable Y(t) – the 
concentration of hydrogen chloride in the output stream. 
It is known [1, 4] that the hydrodynamics of an object is 
described by the impulse function K(t), which is statisti

cally interpreted as the distribution density of the resi
dence time of the flow particles in the apparatus [4, 14].

To study the hydrodynamic structure of flows in a graphite 
plate absorber, an experiment was carried out on an operating 
industrial installation. Since the object under study did not 
allow the introduction of artificial disturbances (due to the 
high chemical activity of the components of the gasliquid 
flow and the danger of emergencies), the experiments were 
carried out in the normal operating mode of the apparatus. 
The objective of the experiment was to determine the content 
of hydrogen chloride and chlorine at the inlet and outlet of 
the apparatus, as well as to determine the concentration of 
hydrochloric acid supplied to the irrigation of the absorber 
and obtained as a result of absorption of hydrogen chloride.

The method for determining hydrogen chloride and 
chlorine in a gas stream is based on the absorption of 
chlorine by a solution of potassium iodide, followed by 
titration of the released iodine with sodium thiosulfate.

Cl2+2KJ = J2+2KCl,

J2+2Na2S2O3 = Na2S4O4+2NaJ.

The operation of absorption of the taken samples of 
the reaction gas was carried out in a burette with a 5 % 
solution of potassium iodide. The resulting solution was 
titrated with a 0.1 n⋅Na2S2O3 solution until discoloration. 
The chlorine content in the mixture was calculated using 
the following formula:

x Ka VCl2
= 1 12. ,

where a – the number of ml of 0.1 n⋅Na2S2O3 solution, 
which was used for titration; V – burette volume; K – 
correction factor.

The amount of hydrogen chloride in the mixture was 
determined as the difference between the total fraction of gases 
absorbed in the burette and the chlorine content in them:

x
V

V
xHCl Cl2

= −1
,

here V1 – total volume of gases absorbed in the burette.
Samples were taken every Δt = 90 s. The range of operating 

flow rates of the reaction gas was within 0.10–0.13 nm3/s,  
the flow rate of weak hydrochloric acid for irrigation varied 
from 0.30 to 0.35 kg/s. The temperature of 313–323 K in 
the absorber was maintained by supplying cooled water. 
Fluctuations in the concentration of components in the inlet 
gas flow are respectively equal: for HCl – 75.1–87.8 % vol.,  
For Cl2 – 5.35–10.85 % vol.

In parallel, portions of acid were sampled at the inlet 
and outlet, and then the density and temperature of the 
hydrochloric acid solutions were determined.

Based on the results of the experiment, two realizations 
of duration T = 1200 min were obtained for input X(t)  
and output Y(t) variables.

The impulse function K(t) can be determined from 
the WienerHopf equation [3, 4, 14]:

R R t K t tYX XX
* * ,τ τ( )= −( ) ( )

∞

∫ d
0

 (1)

where R tXX
* −( )τ  and RYX

* τ( )  are the estimates of the auto
correlation and crosscorrelation functions.
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Correlation functions are determined by the fol
lowing relationships [3, 4, 14]:

R X t X t tXX

T
∗ ( ) = ( ) −( )∫τ τ d

0

;  (2)

R Y t X t tYX

T
∗ ( )= ( ) −( )∫τ τ d

0

.  (3)

As a result of solving equations (1)–(3), provided 
that the random functions RXX

∗ ( )τ  and RYX
∗ ( )τ  are 

stationary and ergodic, the function K(t) is found.
At the stage of processing the experimental 

results, the following tasks are solved: centering 
the obtained realizations, calculating the estimates 
of the correlation functions RXX

∗ ( )τ  and RYX
∗ ( )τ , 

determining the estimate of the object weight func
tion K*(t).

The centering of the implementation is carried out 
according to the formula:

X t X t M X ti i

0

( )= ( ) − ( ){ },  (4)

where

M X t
N

X ti
i

N

( ){ }= ( )
=
∑

1

1

.

The ordinates of the estimates of the correlation func
tions are calculated by the formulas:

R N
N m

X t X t mXX i i
i

N m
* ,( )=

− + ( ) −( )
=

−

∑
1

1

0 0

1

 (5)

R N
N m

Y t X t mYX i i
i

N m
* ,( )=

− + ( ) −( )
=

−

∑
1

1

0 0

1

 (6)

where m – the number of shifts of the output realization 
relative to the input one (m ≤ N/4).

The final stage of research is the determination of the 
impulse function by solving the WienerHopf equation 
using the obtained estimates of the correlation functions. 
There are a number of ways to solve the integral equa
tion [14, 15]. The most versatile is the algebraic method. 
Its essence lies in solving a system of algebraic equations 
obtained from equation (1) by replacing the integral with 
a finite sum:

1

0T
R K i t R i tYX

i

N

XX
* * * ,τ τ( ) = ( ) −( )

=
∑ Δ Δ  (7)

or in matrix form:

[ ] [ ] [ ],R A K= ×  (8)

where [R] – a matrixcolumn of free members, whose ele
ments are the values of the ordinates of the crosscorrelation 
function (t = 0, T, 2T, …, mT); [A] – square symmetric matrix, 
the elements of which are the values of the ordinates of 
the autocorrelation function; [K] – column matrix, whose 
elements are ordinates of the weight function:

The resulting system can be solved by the Gaussian 
method. For the correct solution of a system of algebraic 
equations, there is a need for special regularization me
thods [3, 4]. The correctness of the solution of the system 
was achieved in the choice of the discretization step Δt 
and the smoothing of the correlation functions with some 
analytical dependences. Calculations show that the cor
relation functions of industrial facilities are satisfactorily 
described by dependencies of the form [14]:

R A t wt= −( ) ( )0 0exp cos .α  (10)

The determination of the coefficients of the approximat
ing curves is carried out using the method of averages, 
taking into account corrections.

The calculation of the estimates of the correlation func
tions X t

0

( )  and Y t
0

( )  from the obtained realizations X(t) 
and Y(t) was carried out according to relations (5), (6).

As a result, the ordinates of the estimates RXX
*  and RYX

* ,  
were obtained, which can be used to solve the matrix 
equation (9) obtained from the WienerHopf equation.

All calculations were carried out in software environ
ments MathCAD, Matlab.

3. Research results and their discussion

As noted above, the solution to eq. (7) in the general 
case is an illposed problem [15], that is, minor errors in 
the calculation of correlation functions can lead to signifi
cant errors in determining the impulse function. Therefore, 
the obtained correlation functions were approximated by 
dependences of the form (10). The approximation of the 
correlation functions led to the expressions:

R t tXX = −( ) ( )exp . cos . ,0 03 0 1983  (11)

R
t t

t t t
YX =

( ) ≤ <

−( ) ( )
0 53 0 1892 0 2

0 74 0 0055 0 0955

. exp . , ,

. exp . cos . , ≥≥





 2.
 (12)

The approximation error does not exceed 1 %.
The given expressions were used to calculate the ordinates 

RXX and RYX, by which the system of algebraic equations (9) 
was solved and the weight function K(t) was obtained.

The found function K(t) can be used to judge the hydro
dynamic situation in the absorber. In calculations, however, 
it is more convenient to operate not with the distribution 
function itself, but with its probabilistic characteristics – 
moments of different orders [16].
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The coupling equations between the moments and the 
parameter characterizing the longitudinal mixing – the 
Peclet number (Pe) – have the form [1, 17]:

M
e

2 21
2 1

= +
− +( )−Pe

Pe

Pe

,  (13)

M
e e

3 31
6 1 4 3 4

= +
+( )− + + 

− −Pe Pe Pe

Pe

Pe Pe

,  (14)

M

e e

4

3 2 2 2

4

12 4 28 9 30 26 2

=

=
+ − + + +( ) + 

− −Pe Pe Pe Pe

Pe

Pe Pe

. (15)

To calculate the number Pe, the moment М2 was used, 
and with the help of the higher moments the adequacy 
of the chosen model was checked.

The moments of the distribution function were deter
mined using the equations:

M K t t0

0

= ( )
∞

∫ d ,  (16)

M t y di K
i= ( )

∞

∫ θ θ θ
0

,  i =1 2 3 4, , , ,  (17)

where θ = t/tK – dimensionless time; y(θ) = K(t)/M0 – di
mensionless estimate of K(t).

Integrals (16), (17) for determining the moments were 
calculated by the Simpson method, equations (13), (14) 
were solved by dividing the interval in half. The calcula
tion results are shown in Table 1.

It was shown in [16, 17] that at Pe>30 the flow structure 
is close to the displacement mode. The order of numbers 
Pe ≈ 63 obtained in experimental studies gives reason to 
believe that the hydrodynamics in the KorobonKA ab
sorber is satisfactorily described by the ideal displacement 
model (Table 1).

Table 1

Moments of the function K(t) and Peclet numbers for the inlet-outlet  
channel of hydrogen chloride

Moment order Moment value K (t ) Peclet criterion (Pe)

1 0.999978 –

2 1.031650 63.450

3 1.394720 62.977

4 1.829340 63.990

Similar results were obtained for the hydrochloric acid 
inletoutlet. Pe ≈ 30 values indicate a slight longitudinal mixing 
of the liquid in the absorber. However, the use of the perfect 
displacement model does not introduce significant errors in 
the results of mathematical modeling of this process, and 
in addition, greatly simplifies the calculation by the model.

4. Conclusions

An algorithm for studying the hydrodynamics of in
dustrial absorbers based on normal operation data using 
random functions has been developed. This algorithm al
lows one to determine the hydrodynamic structure of flows 
during normal operation of the facility. The calculations 

are based on conducting an industrial experiment, process
ing experimental data, calculating estimates of autocor
relation and crosscorrelation functions, and solving the 
WienerHopf integral equation. A distinctive feature of 
the proposed technique is the study of the object in its 
normal operation mode.

To calculate the autocorrelation and crosscorrelation 
functions, an experiment was carried out on an operating 
industrial installation. The experiment was carried out 
on an operating «KorobonKA» type hydrogen chloride 
absorber during normal operation of the facility. The con
centrations of hydrogen chloride and the resulting hydro
chloric acid were determined at the absorber inlet and 
outlet, respectively. Based on the results of the experiment, 
two realizations of duration T = 1200 min were obtained 
for input X(t) and output Y(t) variables, sampling was 
performed every 90 seconds, the total number of experi
ments performed was 625.

Estimates of correlation functions are calculated. The 
correlation functions are approximated by exponential de
pendences. The solution of the WienerHopf equation in 
the form of a system of algebraic equations is obtained, the 
distribution function is obtained and its probabilistic charac
teristics are calculated – moments of different orders. The 
obtained values of the moments of various orders (1–1.8)  
and the values of the Peclet criterion (Pe ≈ 63) show the 
hydrodynamic conditions of ideal displacement for an ab
sorber of the «KorobonKA» type.

According to the results obtained, the proposed method 
for determining the hydrodynamic structure of flows will 
find application in the study of chemicaltechnological de
vices, when the object is exposed to random disturbances 
and the supply of a standard indicator is impossible due 
to violation of technological regulations.
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